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Numerical Simulations for the Navier-Stokes Equations




A coupling approach of the boundary element method and the finite element method
for solving the unsteady incompressible Navier-Stokes equations is presented. A flow
field involving an obstacle is divided into two subdomains. The subdomain involving
an obstacle is assumed to be an incompressible viscous flow governed by the unsteady
Navier-Stokes equations, and a Petrov-Galerkin finite element method (PGFEM) using
exponential functions is applied to solve the equations. The other is assumed to be a
potential flow governed by the Laplace equation, and the boundary element method is
applied to the flow field. Numerical results demonstrate the applicability and effectiveness
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$\dot{u}_{i}+u_{j}u_{i,j}=-p_{i}+\frac{1}{Re}u_{i,jj}$ in $\Omega$ (1)






$u_{i}^{n+1}=\overline{u}_{i}-\triangle tp_{i}^{n+1}$ , $u_{i,i}^{n+1}=0$ (4)
, $\triangle t$ , $n$
(4) 1 ,


















, $\Omega_{\dot{l}}$ $\Omega_{1}$ , $\tau_{i^{n}}\equiv u_{i}^{n_{j}}n_{j}/Re$ $n_{j}$
, (9) $M$ [8]
$M_{\alpha}(x_{1}, x_{2})= \sum_{\gamma}N_{\alpha}(x_{1}, x_{2})e^{-\{a_{1}(N_{\gamma}x_{1}^{\gamma}-x_{1}^{\alpha})+a_{2}(N_{\gamma}x_{2}^{\gamma}-x_{2}^{\alpha})\}}$
(10)
$a_{1}=v_{1}^{n}\overline{Re}$ , $a_{2}=v_{2}^{n}\overline{Re}^{*}$




$M_{a\cdot\beta} \frac{\{\overline{u}_{i}\}_{\beta}-\{u_{i}^{n}\}_{\beta}}{\triangle t}+K_{\alpha\beta}(u_{J}^{n})\{u_{\dot{\iota}}^{n}\}_{\beta}=F_{\alpha\beta}\{\tau_{i^{n}}\}_{\beta}$ (11)
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, [8] , (11) $\Omega_{1}$
$\overline{U}=U^{n}+\triangle tC^{-1}F^{n}$ (12)





, [8] , (14)
$B\tilde{\phi}=\overline{F}$ (15)




$c \phi(\xi)=\int_{\Gamma}\phi_{n}(x)\varphi^{*}(x, \xi)d\Gamma(x)-\int_{\Gamma}\phi(x)\varphi_{n}^{*}(x, \xi)d\Gamma(x)$ (16)
, $c$ , $\varphi^{*}(x, \xi)$ Laplace , 2
$\varphi^{*}(x, \xi)=\frac{1}{2\pi}\ln\frac{1}{r}$ (17)
, (16)
$H_{ij}\phi_{j}=G_{\dot{\iota}j}\{\phi_{n}\}_{j}$ $(i,j=1,2, \cdots, N)$ (18)




Step 1: $n$ $U^{n}$ , (12) )$s$
$\overline{U}$
Step 2: $\overline{U}$ (15) $\tilde{\phi}$
Step 3: $p^{n+1}$ $u_{i}^{n+1}$ (5) (6)












, $a$ , $h$ ,
Fig.3(a) ,
Fig. $3(b)$ interface
Fig.2 Flow past a step
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(a) Boundary conditions at first time step
(b) Boundary conditions after second time step
Fig.3 Boundary conditions




/\alpha $=3$ , interface wake , $h/a=4$
wake ,
,
, $Re=10^{3},$ $\triangle t=0.1$ Fig.5 Fig.5(a),(b) (c)
, $t=50$ $h/a=3,4,5$
Fig.5 (d) /\alpha $=4$
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(a) Numerical solutions for $h/a=3$
(b) Numerical solutions for $h/a=4$
(c) Numerical solutions for $h/a=5$
(d) FEM solutions
Fig.4 Velocity vector and pressure fields at, $t=10(Re=200,\triangle t=0.1)$
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(a) Numerical solutions for $h/a=3$
(b) Numerical solutions for $h/a=4$
(c) Numerical solutions for $h/a=5$
(d) FEM solutions
Fig.5 Velocity vector and pressure fields at $t=50(Re=10^{3},\triangle t=0.1)$
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, 3 CPU




, cases 2, 3 ,
CPU






Fig.7 , $Re=10^{4}$ $t=150$
$\triangle t=0.005$ , Fig 8 , $u_{1}$
$u_{2}$
$[9]-[11]$ , Ghia $[10]_{\text{ }}$
Schreiber [11]
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(a) Geometry and boundary conditions (b) Finite element mesh
Fig.6 Flow in a square cavity
$0$
o.o
(a) Velocity vector field (b) Pressure field
Fig.7 Velocity vector and pressure fields at $t=150(Re=10^{4},\triangle t=0.005)$
143
$x_{1}$
Fig.8 Velocity profiles $through^{u_{1}}the$ centre of the cavity
$(Re=10^{4})$ : –present $(t=150)$ ;
$0$ Ghia et al. (257 by 257, multi grid FDM);
A Schreiber and Keller (180 by 180, FDM);
$D$ Nallasamy and Prasad (50 by 50, upwind FDM)
4.3
Petrov-Galerkin
, 2 , 8840, 8600
Fig.9
Fig. 10 , $Re=10^{5},5\cross 10^{5},10^{6}$ $t=50$
$\triangle t=0.001$ , [12]
Fig. 11 [13]
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